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We prove the generalized Obata theorem on foliations. Let M be a complete Riemannian
manifold with a foliation F of codimension q  2 and a bundle-like metric gM . Then
(M,F) is transversally isometric to (Sq(1/c),G), where Sq(1/c) is the q-sphere of radius
1/c in (q + 1)-dimensional Euclidean space and G is a discrete subgroup of the orthogonal
group O (q), if and only if there exists a non-constant basic function f such that ∇X df =
−c2 f Xb for all basic normal vector ﬁelds X , where c is a positive constant and ∇ is the
connection on the normal bundle. By the generalized Obata theorem, we classify such
manifolds which admit transversal non-isometric conformal ﬁelds.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In 1962, M. Obata [10] proved that a complete Riemannian manifold (M, gM) is isometric with a sphere of radius 1c in
(n+ 1)-dimensional Euclidean space if and only if M admits a non-constant function f such that
∇MX df = −c2 f Xb
for any vector X , where ∇M is a Levi-Civita connection on M , c is positive constant and Xb is the gM -dual form of X .
In Section 2, we recall basic facts on foliations as well as some lemmas we need for the main results. In Section 3,
we generalize the Obata theorem to Riemannian foliations. Namely, let M be a complete Riemannian manifold with a
foliation F of codimension q  2 and a bundle-like metric gM . Then the foliation (M,F) is transversally isometric to
(Sq(1/c),G), where Sq(1/c) is the q-sphere of radius 1/c in the (q + 1)-Euclidean space and G is a discrete subgroup of
O (q), if and only if there exists a non-constant basic function f such that ∇X df = −c2 f Xb for all basic normal vector
ﬁelds X , where ∇ is the connection on the normal bundle.
A Riemannian foliation is a foliation F on a smooth n-manifold M such that the quotient bundle Q = TM/TF ∼= NF =
TF⊥ is endowed with a metric gQ satisfying θ(X)gQ = 0 for any vector X ∈ TF , where TF is the tangent bundle of F
and θ(X) is the transverse Lie derivative [14]. Note that we can choose a Riemannian metric gM on M such that gNF :=
gM |NF = gQ ; such a metric is called bundle-like. In the last section, as applications of the generalized Obata theorem, we
study the Riemannian foliations admitting transversal non-isometric conformal ﬁelds.
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Let (M, gM ,F) be a (p + q)-dimensional Riemannian manifold with a foliation F of codimension q and a bundle-like
metric gM with respect to F . Then we have an exact sequence of vector bundles
0 −→ TF −→ TM π−−→ NF −→ 0, (2.1)
where TF is the tangent bundle and NF = TF⊥ ∼= Q = TM/TF is the normal bundle of F . We denote by ∇ the connec-
tion on the normal bundle NF ⊂ TM . That is, ∇X Y = π(∇MX Y ) for any X, Y ∈ NF , where ∇M is the Levi-Civita connection
on M; this connection ∇ is guaranteed to be metric and torsion-free with respect to gQ = gNF [14,15]. The transversal
curvature tensor R∇ of ∇ is deﬁned by R∇(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ] for any X, Y ∈ Γ TM . It is trivial that i(X)R∇ = 0 for
any X ∈ TF [14]. Let K∇ ,ρ∇ and σ∇ be the transversal sectional curvature, transversal Ricci operator and transversal scalar
curvature with respect to ∇ , respectively [14,15]. The foliation F is said to be transversally Einsteinian if ρ∇ = 1qσ∇ · id with
constant transversal scalar curvature σ∇ . The foliation F is said to be minimal if the mean curvature form κ vanishes [14].
A differential form ω ∈ Ωr(M) is basic if
i(X)ω = 0, θ(X)ω = 0, ∀X ∈ TF . (2.2)
Let ΩrB(F) be the set of all basic r-forms on M . Then L2(Ω∗(M)) is decomposed as [1,12]
L2
(
Ω(M)
)= L2(ΩB(F))⊕ L2(ΩB(F))⊥. (2.3)
Let P : L2(Ω∗(M)) → L2(Ω∗B(F)) be the orthogonal projection onto basic forms [12], which preserves smoothness in the
case of Riemannian foliations. For any r-form φ, we put the basic part of φ as φB := Pφ. Let δB be the formal adjoint
operator of dB = d|Ω∗B (F) [7,12]. The basic Laplacian B is given by B = dBδB + δBdB . For any basic function f , it is
well-known ([3] or [12]) that
∫
M B f = 0. Let φ be the gQ -dual vector ﬁeld to φ ∈ Γ Q ∗ . Then we have the following.
Lemma 2.1. Let (M, gM ,F) be a closed, connected Riemannian manifold with a foliation F and a bundle-like metric gM . If (B −
κ

B) f  0 for any basic function f , then f is constant. A similar result holds with replaced by .
Proof. Since B on basic functions is the restriction of the elliptic operator  + (κB − κ) on all functions (see
[12, Prop. 4.1]), we have that B − κB on basic functions is the restriction of  − κ on all functions. A solution u : M →R
to ( − κ)u  0 satisﬁes the maximum and minimum principles locally, so that if such a u has a local maximum or
minimum, then u is constant. The result follows. 
Let V (F) be the space of all vector ﬁelds Y on M satisfying [Y , Z ] ∈ TF for all Z ∈ TF . An element of V (F) is called
an inﬁnitesimal automorphism of F . Let
V (F) = {Y := π(Y ) ∣∣ Y ∈ V (F)}. (2.4)
Then we have ΩrB(F) ⊂ Γ (Λr Q ∗) and V (F) ∼= Ω1B(F). If Y ∈ V (F) satisﬁes θ(Y )gQ = 0, then Y is called a transversal Killing
ﬁeld of F . If Y ∈ V (F) satisﬁes θ(Y )gQ = 2 fY gQ for a basic function fY depending on Y , then Y is called a transversal
conformal ﬁeld of F ; in this case, we have
fY = 1
q
div∇ Y , (2.5)
where div∇ Y¯ is the transversal divergence of Y¯ with respect to ∇ . A Y is called a transversal non-isometric conformal ﬁeld
of F if Y is transversal conformal and not Killing, i.e., fY is not the zero function. Note that Y¯ is a transversal conformal
ﬁeld if and only if
gQ (∇X Y , Z) + gQ (∇Z Y , X) = 2 fY gQ (X, Z), X, Z ∈ NF . (2.6)
At any point x ∈ M , we choose geodesic coordinates normal to F at this point so that (∇Ea)(x) = 0 for all a. From now on,
all the computations in this paper will be made in such charts. Then we have the following lemma.
Lemma 2.2. (See [3].) Let (M, gM ,F) be a Riemannian manifold with a foliation F of codimension q and a bundle-like metric gM . If
Y ∈ V (F) is a transversal conformal ﬁeld, i.e., θ(Y )gQ = 2 fY gQ , then we have(
θ(Y )Ric∇
)
(Ea, Eb) = −(q − 2)∇a fb + δba
(
B fY − κB( fY )
)
, (2.7)
where ∇a = ∇Ea , fa = ∇a fY and Ric∇(X, Y ) = gQ (ρ∇(X), Y ) for any X, Y ∈ NF .
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Recall the following deﬁnition similar to that in [6], which is a special case of an isometric equivalence between two
pseudogroups of local isometries acting on smooth manifolds. Let (M, gM ,F) be a Riemannian manifold with a foliation F
and a bundle-like metric gM .
Deﬁnition 3.1. Let G be a discrete group. A Riemannian foliation (M,F) is transversally isometric to (W ,G), where G acts
by isometries on a Riemannian manifold (W , gW ), if there exists a homeomorphism η : W /G → M/F that is locally covered
by isometries. That is, given any x ∈ M , there exists a local smooth transversal V containing x and a neighborhood U in W
and an isometry φ : U → V such that the following diagram commutes
U

φ
P◦i
V
P˜◦ j
W /G
η
M/F
where i : U → W and j : V → M are inclusions and P : W → W /G and P˜ : M → M/F are the projections.
Then we have the following generalized Obata theorem for foliations. The notation ∇ means the connection on NF
when applied to a normal vector ﬁeld, and it means the gradient when applied to a function.
Theorem 3.2. Let (M, gM ,F) be a connected, complete Riemannian manifold with a foliation F of codimension q 2 and a bundle-
like metric gM , and let c be a positive real number. Then the following are equivalent:
(1) There exists a non-constant basic function f such that ∇X df = −c2 f Xb for all vectors X ∈ NF .
(2) (M,F) is transversally isometric to (Sq(1/c),G), where the discrete subgroup G of the orthogonal group O (q) acts by isometries
on the last q coordinates of the q-sphere Sq(1/c) of radius 1/c in Euclidean space Rq+1 .
Proof. It is clear that the second condition implies the ﬁrst, because if f is the ﬁrst coordinate function in Rq+1 considered
as a function on the sphere Sq(1/c), it satisﬁes the ﬁrst condition. Next, assume that the ﬁrst condition is satisﬁed for the
basic function f . This implies that for each x ∈ M ,
−c2 f (x)gNx = ∇2 f |NxF ,
where NxF is the normal space to the leaf through x ∈ M , and where gNx = gNF |NxF is the metric restricted to NxF . For
any unit speed geodesic γ : [0, β) → M that is normal to the leaves of the foliation,
−c2( f ◦ γ ) = −c2( f ◦ γ )gM
(
γ ′, γ ′
)
= gM
(∇γ ′∇ f , γ ′)
= gM
(∇ f , γ ′)′ − gM(∇ f ,∇γ ′γ ′)
= ( f ◦ γ )′′,
where ∇ f is the transversal gradient of f . Note that since the metric is bundle-like, every geodesic with initial velocity
in NF is guaranteed to be orthogonal to F at all points [13]. Thus
( f ◦ γ )(t) = A cos(ct) + B sin(ct)
for some constants A and B . Let γ (0) = x0 ∈ M be either a global maximum or global minimum of f on M . Then
f
(
γ (t)
)= f (x0) cos(ct) (3.1)
for any unit speed geodesic γ orthogonal to the leaf Lx0 through x0, and the maximum and minimum values along γ must
have opposite signs. Suppose that we choose the geodesic so that it connects an absolute maximum x0 with an absolute
minimum x1; such a normal geodesic can always be found (see [5]). Note that the nondegeneracy of the normal Hessian
implies that each maximum and minimum of f ◦ γ occurs at an isolated closed leaf of (M,F); then the set f −1(− f (x0))
must be a discrete union of closed leaves. The normal exponential map is surjective [5], and f −1([ f (x0),− f (x0)]) = M by
the reasoning above. So f −1(− f (x0)) is a single closed leaf, say Lx1 , so that all normal geodesics through x0 meet Lx1 at
the exact distance π/c. Similarly, f −1( f (x0)) = Lx0 .
Given any leaf L of M that is neither Lx0 nor Lx1 , there exists a minimal normal geodesic connecting it to Lx0 by
completeness. In fact, there exists such a minimal normal geodesic through x0, and its initial velocity lies in Nx0F . By
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by velocity at a single point, it is impossible that two geodesics with initial velocities through x0 meet at the same point
unless that point has distance at least π/c from x0. Thus, the normal exponential map exp⊥x0 : Nx0F → M is injective on the
ball Bπ/c := Bπ/c(x0) ⊂ Nx0F . This discussion is independent of the initial point of Lx0 chosen, because for a bundle-like
metric the distance from a point x0 on one leaf closure to another is independent of the choice x0 ∈ Lx0 (see [5]). We
have
⋃
x∈Lx0 exp
⊥
x (Bπ/c(x)) = M . Let Ms = {L y | dist(Lx0 , L y) = s} for any non-negative real number s, so that M0 = Lx0 and
Mπ/c = Lx1 . By the preceding discussion, for s ∈ (0,π/c), Ms is diffeomorphic to the unit normal sphere bundle of Lx0 ⊂ M .
Note that the inﬁnitessimal holonomy group G at x0 acts by orthogonal transformations on Nx0F [9], and this action induces
an isometric group action on Ms ∩ exp⊥x0(Nx0F), with the induced metric from gNF . Each saturated submanifold Ms for
0 s < π/c has a leaf space that is isometric to the quotient of Ms ∩ exp⊥x0 (Nx0F) by G . Then (M \ Lx1 )/F is diffeomorphic
to Bπ/c/G . The map
η : Bπ/c/G −→ (M \ Lx1)/F
is deﬁned by η(O ξ ) = Lexp⊥x0 (ξ) , where ξ ∈ Bπ/c ⊂ Nx0F , O ξ is the G-orbit of ξ in Bπ/c and Lexp⊥x0 (ξ) is the leaf containing
exp⊥x0 (ξ). Letting B
+
π/c denote the one-point compactiﬁcation of Bπ/c , η can be extended to a homeomorphism
η : B+π/c/G −→ M/F .
Thus M/F is homeomorphic to S/G , where S = B+π/c is a sphere. Next we will show that the pullback of the transverse
metric of (M,F) endows S with the standard metric of Sq(1/c).
Let v and w be any two nonzero orthonormal vectors in Nx0F , and let Ws denote the NF -parallel translate of w = W0
along the geodesic γ (s) with initial velocity v; thus Ws ∈ Nγ (s)F is a well-deﬁned vector at each γ (s) for 0 s < π/c. We
see that Ws is tangent to Ms for s ∈ (0,π/c). Let (y j) be geodesic normal coordinates for the normal ball exp⊥x0 (Bπ/c(x0)).
Suppose that these coordinates are chosen at x0 such that y1(γ (s)) = s and each of ∂∂ y j for j > 1 is orthogonal to v = γ ′(0)
at x0 = 0. We extend s to be the function s(y) =
√∑
y2j and write y j = sθ j , so that each θ j is independent of s. Thus,
γ ′(s)(θ j) = 0 and Ws(s) = 0. Further, we let ∂∂s denote the radial vector ﬁeld, which agrees with γ ′(s) along γ . In the
calculations that follow, we extend y j , θ j ,
∂
∂s to be well-deﬁned and basic in a small neighborhood of the transversal
exp⊥x0 (Bπ/c). From the calculation of f above, we see that grad f = −c sin(cs) f (x0) ∂∂s .
Since ∇ is torsion-free and ∇γ ′(s)Ws = 0 by construction,
π
[
∂
∂s
,Ws
]
= −∇Ws ∂∂s =
1
c sin(cs) f (x0)
∇Ws grad f
= − c
2
c sin(cs) f (x0)
f
(
γ (s)
)
Ws
= −c cos(cs)
sin(cs)
Ws,
by assumption, since ∇ is a metric connection and thus commutes with raising indices. Since θ j is a locally deﬁned basic
function, for 0 < s < π/c,
d
ds
Ws(θ j) = ∂
∂s
Ws(θ j) =
[
∂
∂s
,Ws
]
(θ j) = π
[
∂
∂s
,Ws
]
(θ j) = −c cos(cs)sin(cs) Ws(θ j).
Solving the differential equation above, we have
Ws(θ j) = 1sin csWπ/2c(θ j), 0 < s <
π
c
. (3.2)
Since Ws(s) = 0 we have
Ws(y j) = sWs(θ j)
for 0 < s < π/c. Then, for all j,
W0(y j) = lim
s→0Ws(y j)
= 1
c
W π
2c
(θ j)
= sin(cs)
c
Ws(θ j)
= sin(cs)Ws(y j).
cs
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∂θ j
for j > 1 form a basis of the tangent space for Ms ∩ exp⊥x0 (Bπ/c) at γ (s) with s > 0, the
equation above uniquely deﬁnes the vector Ws in terms of W0. Since the metric on the sphere Sq(1/c) satisﬁes the same
hypothesis, a corresponding fact is true for geodesic normal coordinates on Sq(1/c).
We now show that the equation above implies that the pullback of the metric gNF to Bπ/c is the same as the standard
metric gS corresponding to geodesic normal coordinates on Sq(1/c). As above, let Ws denote the parallel displacement
of W0 along γ (s), and let Ws denote the parallel displacement of W0 along the geodesic in (Bπ/c, gS) with unit tangent
vector v . Then
Ws(y j) = cssin(cs)W0(y j) = Ws(y j).
Since the actions of the vectors Ws on the coordinate functions y j determine their values along the geodesic with initial
velocity v , we conclude that Ws = Ws . Thus, the metrics gNF and gS on Bπ/c yield identical parallel displacements of
vectors orthogonal to v along the line containing v , and gNF |x0 = gS |x0 . Since it follows from the previous calculations that
the initial vector v ∈ Nx0F is arbitrary, we conclude that gNF = gS . We may reverse the roles of x0 and x1 and obtain a
similar result.
Now, given any point x ∈ M , there is a minimal geodesic connecting this point to a point x′0 on the leaf containing x0.
If x /∈ Lx1 , the above analysis shows that the map exp⊥x′0 restricted to (Bπ/c(x
′
0), gS) is an isometry onto its image, and that
image contains x. Further, the map exp⊥
x′0
locally covers the map η : (B+π/c/G, gS ) → (M/F , gNF ). If x /∈ Lx0 , a similar fact is
true for exp⊥
x′1
. Thus the map η is locally covered by isometries, and we conclude that (M,F) is transversally isometric to
(Sq(1/c),G). 
4. Applications
In this section, we give some applications of the generalized Obata theorem. Let M be a Riemannian manifold admitting
a transversal non-isometric conformal ﬁeld. For more details about transversal conformal ﬁelds, see [3,11].
Theorem 4.1. Let (M, gM ,F) be a compact Riemannian manifold with a foliation F of codimension q and a bundle-like metric gM .
Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a transversal non-isometric conformal ﬁeld Y such
that Y is the gQ gradient ∇h of some basic function h, then (M,F) is transversally isometric to (Sq(1/c),G), where c2 = σ∇q(q−1) and
G is a discrete subgroup of O (q) acting on the q-sphere.
Proof. Let θ(Y )gQ = 2 fY gQ ( fY = 0) and Y = ∇h for some basic function h. From (2.6), we have that, for any X, Z ∈ Γ Q ,
2 fY gQ (X, Z) = gQ (∇X∇h, Z) + gQ (∇Z∇h, X)
= 2∇∇h(X, Z),
where ∇∇h(X, Z) = gQ (∇X∇h, Z) for any X, Z ∈ Γ Q . Hence we have
∇∇h = fY gQ . (4.1)
Note that the function fY satisﬁes [3]
B fY = σ
∇
q − 1 fY + κ

B( fY ). (4.2)
Since Bh = −div∇(∇h) + κB(h) [3], we have from (4.1) and (4.2)
B
(
fY + σ
∇
q(q − 1)h
)
= κB
(
fY + σ
∇
q(q − 1)h
)
.
From Lemma 2.1, we have that
fY + σ
∇
q(q − 1)h = constant, (4.3)
which yields
∇∇ fY + σ
∇
∇∇h = 0.
q(q − 1)
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∇∇ fY = − σ
∇
q(q − 1) fY gQ . (4.4)
By the generalized Obata theorem (Theorem 3.2), (M,F) is transversally isometric to (Sq(1/c),G), where c2 = σ∇q(q−1) . 
Theorem 4.2. Let (M, gM ,F) be a compact Riemannian manifold with a foliation F of codimension q and a bundle-like metric gM .
Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a transversal non-isometric conformal ﬁeld Y such
that θ(Y )Ric∇ = μgQ for some basic function μ, then (M,F) is transversally isometric to (Sq(1/c),G), where c2 = σ∇q(q−1) and G is
a discrete subgroup of O (q) acting on the q-sphere.
Proof. Let θ(Y )gQ = 2 fY gQ ( fY = 0). From Lemma 2.2, we have
μgQ = −(q − 2)∇∇ fY +
(
B fY − κB( fY )
)
gQ . (4.5)
Hence we have
μ = 2(q − 1)
q
(
B fY − κB( fY )
)
. (4.6)
From (4.5) and (4.6), we have
∇∇ fY = −1
q
(
B fY − κB( fY )
)
gQ . (4.7)
From (4.2), we have
∇∇ fY + σ
∇
q(q − 1) fY gQ = 0. (4.8)
By the generalized Obata theorem, the proof is completed. 
We deﬁne an operator AY : NF → NF for any vector ﬁeld Y ∈ V (F) by
AY s = θ(Y )s − ∇Y s. (4.9)
Then it is proved [4] that, for any vector ﬁeld Y ∈ V (F),
AY s = −∇Ys Y , (4.10)
where Ys = σ(s) ∈ Γ TM . So AY depends only on Y = π(Y ) and is a linear operator. Moreover, AY extends in an obvious
way to tensors of any type on NF (see [4] for details).
Theorem 4.3. Let (M, gM ,F) be a compact Riemannian manifold with a foliation F of codimension q and a bundle-like metric gM .
Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a transversal non-isometric conformal ﬁeld Y , i.e.,
θ(Y )gQ = 2 fY gQ such that (i) ρ∇(∇ fY ) = σ∇q ∇ fY , (ii) κB( fY ) = 0 and (iii) gQ (AκB∇ fY ,∇ fY ) 0, then (M,F) is transversally
isometric to (Sq,G), where G is a discrete subgroup of O (q) acting on the q-sphere.
Proof. First, we recall that, for any basic function g with κB(g) = 0, we have [3]∫
M
{
q − 1
q
gQ (BdB g,dB g) − gQ
(
ρ∇(∇ fY ),∇ fY
)+ gQ (AκB∇ fY ,∇ fY ) −
∣∣∣∣∇∇g + 1qB g
∣∣∣∣
2}
= 0.
From (4.2) and assumption (ii), we have
B fY = σ
∇
q − 1 fY .
Hence, from the assumptions (i) and (iii), we have
∇∇ fY = − σ
∇
q(q − 1) fY gQ .
By the generalized Obata theorem, the proof is completed. 
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corollaries.
Corollary 4.4. Let (M, gM ,F) be a compact Riemannian manifold with a minimal foliation F of codimension q and a bundle-like
metric gM . Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a transversal non-isometric conformal
ﬁeld Y , i.e., θ(Y )gQ = 2 fY gQ such that ρ∇(∇ fY ) = σ∇q ∇ fY , then (M,F) is transversally isometric to (Sq,G), where G a discrete
subgroup of O (q) acting on the q-sphere.
Corollary 4.5. Let (M, gM ,F) be a compact Riemannian manifold with a minimal, transversally Einstein foliationF of codimension q
and a bundle-like metric gM . Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a transversal non-
isometric conformal ﬁeld, then F is transversally isometric to (Sq,G), where G is a discrete subgroup of O (q) acting on the q-sphere.
In [2], on a compact Riemannian manifold with a foliation F and a bundle-like metric gM such that δBκB = 0, if the
transversal Ricci curvature is strictly positive, then κB = 0. In addition, if F is isoparametric, i.e., κ is basic, then [8] F is
minimal. Hence we have the following corollary.
Corollary 4.6. Let (M, gM ,F) be a compact Riemannian manifold with a transversally Einstein foliation F of codimension q and
a bundle-like metric gM such that δBκB = 0. Assume that the transversal scalar curvature σ∇ is a positive constant. If M admits a
transversal non-isometric conformal ﬁeld, then F is transversally isometric to (Sq,G), where G is a discrete subgroup of O (q) acting
on the q-sphere.
Acknowledgment
The authors would like to thank the referee for his or her signiﬁcant corrections and kind comments.
References
[1] J.A. Alvarez López, The basic component of the mean curvature of Riemannian foliations, Ann. Global Anal. Geom. 10 (1992) 179–194.
[2] G. Habib, Eigenvalues of the basic Dirac operator on quaternion-Kähler foliations, Ann. Global Anal. Geom. 30 (2006) 289–298.
[3] M.J. Jung, S.D. Jung, Riemannian foliations admitting transversal conformal ﬁelds, Geom. Dedicata 133 (2008) 155–168.
[4] F.W. Kamber, Ph. Tondeur, Inﬁnitesimal automorphisms and second variation of the energy for harmonic foliations, Tôhoku Math. J. 34 (1982) 525–538.
[5] J.M. Lee, K. Richardson, Riemannian foliations and eigenvalue comparison, Ann. Global Anal. Geom. 16 (1998) 497–525.
[6] J.M. Lee, K. Richardson, Lichnerowicz and Obata theorems for foliations, Paciﬁc J. Math. 206 (2002) 339–357.
[7] M. Min-Oo, E.A. Ruh, Ph. Tondeur, Vanishing theorems for the basic cohomology of Riemannian foliations, J. Reine Angew. Math. 415 (1991) 167–174.
[8] A. Mason, An application of stochastic ﬂows to Riemannian foliations, Amer. J. Math. 26 (2000) 481–515.
[9] P. Molino, Riemannian Foliations, Birkhäuser, Boston, 1988, translated from French by Grant Cairns.
[10] M. Obata, Certain conditions for a Riemannian manifold to be isometric with a sphere, J. Math. Soc. Japan 14 (1962) 333–340.
[11] J.S. Pak, S. Yorozu, Transverse ﬁelds on foliated Riemannian manifolds, J. Korean Math. Soc. 25 (1988) 83–92.
[12] E. Park, K. Richardson, The basic Laplacian of a Riemannian foliation, Amer. J. Math. 118 (1996) 1249–1275.
[13] B. Reinhart, Differential Geometry of Foliations. The Fundamental Integrability Problem, Ergeb. Math. Grenzgeb. (3) (Results in Mathematics and Related
Areas), vol. 99, Springer-Verlag, Berlin, 1983.
[14] Ph. Tondeur, Foliations on Riemannian Manifolds, Springer-Verlag, New York, 1988.
[15] Ph. Tondeur, Geometry of Foliations, Birkhäuser Verlag, Basel, 1997.
